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Abstract: Roller bearing is one among the varieties of rotating system incorporat-
ing the forces between a system and its environment. It also guides the movement
of rotation smoothly, and hence, rolling bearings are significant machine elements
pertaining to the lifetime of the system and its accuracy. Here, a thick fluid lubrica-
tion of rollers along with normal squeezing motion is considered. The consistency
variation of power law lubricant on temperature and pressure is taken into ac-
count. A specific model for the lubricant consistency is considered to vary along
and across the flow directions. Load, traction, temperature and pressure are cal-
culated for various values of the consistency index n and normal velocity q. These
are matched well with the previous results.
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1. Introduction

The utility of roller bearing to this modern world is bountiful. Its main function
is to transmit the load at very low friction. At normal loads, the bearings do
experience normal pressure and temperature. At heavy load and high speed, the
bearings experience the Himalayan pressure and temperature. In squeezing motion,
this pressure and temperature is even more. Here comes the necessity for the
application of squeeze-film technology to optimize the pressure and temperature.

Reynolds equation influenced its power to investigate film thickness, viscosity,
and density. These properties are temperature and pressure dependent. Cope in
1949, included some changes to classical Reynolds equation like adding viscosity
and density variation with fluid flow. All these changes are included to exhibit
energy equation responsible for the temperature in the film. He put together conti-
nuity equation and energy balance equation in the fluid film to create temperature
and pressure distribution. In this connection, researchers attempted to develop
an intelligible model. Dowson successfully studied such cases and concluded that
the viscosity of Newtonian fluid does not change much in a lightly loaded system.
However, in heavily loaded system, such character of the fluid may not be true
[1]. Rong-Tsonn and Hamrock [2], made a detailed study on compressibility and
squeezing of isothermal Newtonian lubrication. To serve a single non-dimensional
squeeze Reynolds number, Usha and Sridharan [3] examined a laminar squeezing
flow of an incompressible Newtonian fluid between plane annuli.

Further Cheng and Sternlicht [4] analysed EHD rolling/sliding line contact
problem and obtained solutions for equation of motion and heat transfer equa-
tion considering viscosity to be a function of x and y both. Ghosh and Hamrock
[5] also solved such problem using finite difference method while analyzing the film
shape by subjecting each rectangular area to a uniform pressure. Unlike Hertzian
pressure, the temperature there was not found to be continuous. However, in both
cases, squeezing effects were ignored.

Primarily lubricants staged a different character at shear stresses and high pres-
sure. Secondly, Newtonian behavior is seldom exhibited in fluids such as molten
plastic, slurries and pulps. Besides, the presence of high molecular weight poly-
mers earns them the label of non-Newtonian. Within the general framework of
non-Newtonian fluids, the power law model was more attractive. Prasad et al. [6]
exposed the consistency variation of power law fluids with temperature and pres-
sure and displayed how the pressure peak is dragged away from the center line of
contact by temperature influence. The trend was found exactly opposite to that of
cavitated points.

A semi solid substance like grease is one of the most used non Newtonian lubri-
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cants. Neurouth et al. [7] proposed a thermal model for grease-lubricated thrust
ball bearings. Here, thermal network method was utilized to study the tempera-
ture distribution. In addition, the bearings’ power loss was calculated numerically,
and concluded that the bearing’s inner temperature distribution has minimum ef-
fect because of heat convection. Ai et al. [8] developed a feasible thermal model
for a grease lubricated double-row tapered bearing by capitalizing Ohm’s law to
describe the behavior of Herschel – Bulkley model. Various heat sources like: fric-
tional heat dissipation between roller’s large end, frictional heat of roller race-way
contact, roller’s viscous drag loss, raceway flange contact, were incorporated within
the model. The increase in speed and grease filling ratio increases the bearing’s
temperature. This is clearly evident from their numerical results. Yan et al.[9]
model aimed to measure the roller inner ring flange contact of tapered roller bear-
ing and roller raceway contact used in super speed train. It concluded that inner
ring flange receives highest temperature [10]. Viscosity variation because of tem-
perature and pressure was presented by Osterle and Saibel [11]. Cameron [12]
analysed the variation of viscosity across the fluid film thickness. Recently, Prasad
et al. [13, 14] proposed a solution to asymmetric rollers using power law fluids.
However, consistency variation along y direction was not considered.

Further, the deep interaction between the rolling elements and fluid makes the
flow complex inside the bearing cavity. This was presented by Gao et al. [15]. Later,
Gao et al. [16] tried to demonstrate two phase flow behavior in roller bearings with
under-race lubrication.

In continuation, the study of thermo-hydrodynamic lubrication for a heavily
loaded rigid cylindrical line contact with incompressible power law fluids is the
goal of this study including cavitations. It is assumed that the lubricant con-
sistency varies with pressure and film temperature under thermal and isothermal
boundaries. Under the said condition, the heat effect of the fluid is observed for
the rolling with and without squeezing motion including lubricant consistency vari-
ation across the fluid flow direction. The modified energy and Reynolds equations
are obtained and solved yielding temperature and pressure.
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2. Nomenclature

Subscripts: The subscript 1 and 2 denote respectively the corresponding quantities
in the inlet and the outlet regions.
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3. Mathematical Analysis
The governing equations for the one dimensional fluid flow are [17, 18]

∂u

∂x
+
∂v

∂y
= 0 (1)

dp

dx
=
∂τ

∂y
(2)

k
∂2T

∂y2
+ τ

∂ u

∂ y
= 0 (3)

Where k is the thermal conductivity of the lubricant and is assumed to be con-
stant,p is the hydrodynamic pressure, T being temperature due to heat dissipation;
u and v are the velocities of the fluids in x and y directions respectively. τ , the shear
stress relation for a non-Newtonian power law fluid is:

τ = m

∣∣∣∣∂u∂y
∣∣∣∣n−1 ∂u∂y (4)

Where, the lubricant consistency m of the powerlaw fluid is assumed to vary as

m = m 0 e
αp −β (T−T0) (5)

The boundary conditions for the system under consideration are:

∂u

∂y
= 0 at y = 0;u = Uat y =

h

2
; (6)

The boundary conditions for the heat equation (3) are

∂T

∂y
= 0 at y = 0;T = Th at y =

h

2
; where h = h 0 +

x2

2R
(7)

As the consistency m and temperature T being two dimensional, the equations
(1) (2) and (3) cannot be solved analytically. Hence, an intuitive mathematical
relationship for the consistency m is assumed to be [17]:

m = m0/
(
A0 + A1y + A2y

2
)

n (8)

Where A0, A1andA2 are functions of x only and are unknowns right now.
Integrating equation (1) with respect to ‘y’ with the assumed boundary conditions
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(6), one can get for the region −∞ < x ≤ −x1

u1 = U + [
1

m0

(
dp1
dx

)]
1
n [
nA0

n+ 1
(y

n+1
n − (

h

2
)
n+1
n ) +

nA1

2n+ 1

(y
2n+1

n − (
h

2
)
2n+1

n ) +
nA2

3n+ 1
(y

3n+1
n − (

h

2
)
3n+1

n )] (9)

Similarly, for the region −x1 ≤ x ≤ x2, one can have

u2 = U − [
1

m0

(
−dp2
dx

)]
1
n [
nA0

n+ 1
(y

n+1
n − (

h

2
)
n+1
n ) +

nA1

2n+ 1

(y
2n+1

n − (
h

2
)
2n+1

n ) +
nA2

3n+ 1
(y

3n+1
n − (

h

2
)
3n+1

n )] (10)

Integration of the continuity equation (2) with the boundary conditions (6) together
with the specified conditions: vh/2 = U

2
dh
dx

+ V
2

; v0 = 0 at y =0 gives

∂

∂x

∫ h/2

0

u dy = −V
2

(11)

Further integration of the above equation with the assumed conditions:
dp1
dx

= 0 at x = −x1 and h = h1, one can get

dp1
dx

= m0

(
2

h

) [(
2

h2

)
(U(h− h1) + V (x+ x1))

[ nA0

2n+1
+ nA1

3n+1
(h
2
) + nA2

4n+1
(h
2
)2)]

]n
;−∞ < x ≤ −x1 (12)

Similarly for the other region

dp2
dx

= −m0

(
2

h

) [(
2

h2

)
−(U(h− h1) + V (x+ x1))

[ nA0

2n+1
+ nA1

3n+1
(h
2
) + nA2

4n+1
(h
2
)2)]

]n
;−x1 ≤ x ≤ x2 (13)

The constants, A0, A1andA2, as mentioned in equation (8) , are calculated using
the heat energy equation (3) with the boundary conditions mentioned in (7); and
are obtained as:

A0 = 0, A1 = 0 and A2 = (4/h2)
(
1/E

) 1
n ;

Making the above two equations dimensionless, these equations (12) and (13) are
reduced to

dp1
dx

=
m0 E f

n

h
2n+1 ; −∞ < x ≤ −x1 (14)
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dp2
dx

= − m0 E g n

h
2n+1 ; −x1 ≤ x ≤ x2 (15)

Where
x = x/

√
2Rh0;h = h/h0; g = −f ; E = ep−Th+T0 ;

p = αp; m = 2mcnα; f = x 2 − x1 2 + 2q (x+ x1) ;

q = (V/2U)
√

2R/h0; cn = (2 (4n+ 1) /n)n
√

2R/h0 (U/h0)
n ;

Solving the energy equation (3) with the boundary condition given in (7), one can
get in dimensionless

T1 = Th −
m0 E f

n+1
γ l

h
2n2 + 5n+1

n

; −∞ < x ≤ −x1 (16)

T2 = Th −
m0 E g n+1 γ l

h
2n2 + 5n+1

n

; −x1 ≤ x ≤ x2 (17)

where γ = βUh0
kα

√
h0
2R

; T = βT ; y = y/h0; l = 2
3n+1

n ( n
5n+1

) (y
5n+1

n − (h
2
)
5n+1

n );

Mean Temperature

The mean temperature Tm , defined as Tm = 2
h

∫ h/2
0 T dy is also calculated using

the dimensionless scheme as

Tm1 = Th +
m0 E f

n+1
γ dn

h
2n ; −∞ < x ≤ −x1 (18)

Tm2 = Th +
m0 E g

n+1 γ dn

h
2n ; −x1 ≤ x ≤ x2 (19)

Where dn = n
4(6n+1)

;

Load and Traction
The load component in x-direction is given by

wx = −
∫ h 2

h 1

p dh = −2

∫ h

0

p dh =
1

R

∫ x2

−∞
x2
dp

dx
dx (20)

The dimensionless load wx = Wxα
2h0

is given by

wx =

∫ x2

−∞
x 2 dp

dx
dx (21)



202 South East Asian J. of Mathematics and Mathematical Sciences

The load component in y-direction is given by

wy =

∫ x2

−∞
p dx (22)

The dimensionless load wy = Wα√
2Rh0

is calculated as

wy =

∫ x2

−∞
x
dp

dx
dx (23)

The load W is calculated by

W =
√
w 2
x + w 2

y (24)

Traction can be defined as the friction between drive wheel and the surface it moves
upon. It is the amount of force a wheel can apply to a surface before it slips.
Hence, the surface traction force TFh , obtained from the integration of shear stress
τ over the entire length , may be written as

TFh =

∫ x2

−∞

(
h

2

(
dp

dx

))
dx (25)

Then, the dimensionless traction may be written as

TFh =

∫ x2

−∞
h

(
dp

dx

)
dx ; (26)

Finally, the consistency expression comes out to be

m =
m0 E h

2n

4n y 2n (27)

4. Results and Discussion
Thermal effect of fluid film lubrication of identical rollers by power law flu-

ids under rolling and squeezing motions is studied. The lubricant consistency is
encouraged to vary exponentially with pressure and the film temperature. The
altered Reynolds and energy equations are derived and solved for pressure and
temperature. For the numerical calculations the following set of values are used:
R = 0.03m; U = 4 m sec−1;α= 1.6 x10−8pa−1m2;h0= 6 x 10−5m; γ = 4;
-0.1 < q < 0.1; 0.4 ≤ n ≤ 1.15 and 0≤Th -T0 ≤ 5;
The present paper attempts to show the consistency variation m of the lubricant
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in a steady state thermal lubrication. Pressure p , temperature T , mean temper-
ature Tm and velocity u are marked as functions of the power – law flow behavior
index n, and squeezing parameter q. From the graph shown below, it can be inter-
preted that the variations in p, Tm and m with x for various values of n and q
do not change the general shape of the profile.

4.1. Pressure Distribution
The distribution of pressure p against x for various values of n for a fixed q,

and for various values of q for a fixed n, are shown respectively in Fig. 2 & Fig.
3 and Fig. 4 & Fig. 5 for incompressible fluids in both thermal and iso-thermal
cases. From the graph, it is possibly learnt that p increases continuously in the
input region and decreases in the outlet region [20]. Once the pressure reaches the
zenith, p falls down, making a steep slope in graph and reduces to the ambient
pressure p2= 0 at the point of cavitation x = −x2 . The behavior of p against x
for n (fixed) and varying q is similar to that of Dowson et al. [1].

For a fixed value of q, p increases significantly with n, especially when n is
greater than or equal to 1. It is observed that fixed q value brings both the points
of cavitation and maximum pressure nearer to the centre line of contact, (the origin
0) as n increases. Fixed n value increases p considerably as q decreases and the
cavitation points move slowly towards the centre line of contact as q increases [21].
The change in pressure with respect to q accounts for the observation that as the
surfaces approach each other, comparatively more pressure is generated. Maximum
pressure with velocity is presented in Fig. 6 and Fig. 7 which are similar to the
work done by Yu Chen et al [22].
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4.2. Temperature Distribution
The mean temperature distribution Tm according to the n values is shown

in Fig. 8 and Fig. 9. It is noteworthy to understand that mean temperature
Tm increases in inner area. And the increase is ceased at the maximum pressure
point, x = −x1 and then Tm comes down slowly to the outer region. The increase
Tm in the inner area is because of the dragging action of the faster layers in the
high-pressure region generates more viscous dissipation in the convergence zone
and results in more temperature [23]. From Fig. 8, it is learnt that Tm increases
with n [21, 24, 25]. An increase in n denotes an enhanced effective viscosity. This
increases the resistance to the motion, leading to a higher viscous dissipation.
Similarly, Tm increases as q decreases with fixed n. The similar trend was also
reported earlier [21]. Mean temperature- velocity graph is given in Fig.10 which is
similar to that of Yu Chen et al [22]. A two dimensional temperature T profiles
for a fixed n and q is given in Fig. 11.
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4.3. Load and Traction
Load capacity and traction force are the salient features of bearings. It is pre-

sented in Table-1 with different n and q values for thermal conditions only. From
the table it can be clearly stated that both the load W and the traction force
T Fh

, increases with n, which is in accordance with the previous findings [6, 21] for
symmetric rollers and [13, 14] for asymmetric rollers, and the coefficient of traction
decreases with n. Load versus speed graphs, given in Fig. 12 & Fig. 13, and are
similar to the result of Yu Chen et al [22].
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4.4. Consistency
The main feature of this article is to study two-dimensional change in the con-

sistency (m) of the power law fluids with pressure and the two-dimensional tem-
perature as shown in the below figures. The overall consistency changes with x
at different positions of the lubricant heights above the x-axis is shown in Fig. 14:
This indicates basically the dominance of temperature over the pressure (refer the
equation number (27)). Further, (m) changes enormously with ¯y. This shows
that changes much near the symmetric line of the two cylinders and least near
the moving surfaces. The consistency versus speed curve is given in Fig.15, and
is similar to the result of Espejel [23]. A one dimensional consistency variation in
(m) with (x) for different flow index n is given in Fig. 16, and a two dimensional
variation is shown in Fig. 17. Hence, the consideration of the consistency variation
with pressure and temperature is well justified.
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5. Conclusion
To study the consistency variation m of the power law fluids, a two dimensional

temperature T is incorporated to the flow index n and the squeezing parameters
q. To analyze the effects of pressure and temperature on the consistency m of the
fluids, a descriptive method is adopted. Loads and tractions are also studied along
with consistency variation. It is found that the pressure and the corresponding
temperature increase with n and decrease as q increases numerically. The point of
pressure peak moves away from the centre line of contact as q increases. The same
trend of pressure with q and n is seen with load and traction. A two-dimensional
temperature profile and consistency variation curves are also drawn for some fixed
values of n and q which are expectedly nowhere found in the literature. These are
the following important observations:
* T , p, n and q are incorporated to observe the consistency variation m of the
power law fluids.
* Descriptive/ semi-analytical method is adopted for the study of the effects of
pressure and temperature on consistency.
* Besides consistency variation, load and traction are also reviewed.
* It is observed that the temperature and pressure upsurge with n and downfalls
as q rises numerically. As q increases, the pressure point sidelines from the center
line of contact.
* Load and traction exhibit a similar pattern of pressure with q and n.
* For fixed values of n and q, two dimensional consistency variation along with
temperature curves are drawn.
* The results are in natural agreement with the previous findings.
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